Introduction
All manifolds, with or without boundary, are to be compact, oriented, and differentiable of class C". The boundary of M will be denoted by bM. The manifold M with orientation reversed is denoted by -M.
DEFINITION.The manifold M is a homotopy n-sphere if M is closed
(that is, bM = 0) and has the homotopy type of the sphere Sn.
DEFINITION. TWOclosed n-manifolds Ml and M, are h-cobordantl if the disjoint sum Ml + (-M,) is the boundary of some manifold W, where both MI and (-M,) are deformation retracts of W. I t is clear that this is a n equivalence relation. The connected sum of two connected n-manifolds is obtained by removing a small n-cell from each, and then pasting together the resulting boundaries. Details will be given in 9 2. THEOREM 1.1. The h-cobordism classes of homotopy n-spheres form a n abelian group under the connected sum operation. This group will be denoted by On, and called the nthhomotopy sphere cobordism group. I t is the object of this paper (which is divided into 2 parts) to investigate the structure of On.
I t is clear that Ol = 0, = 0. On the other hand these groups are not all zero. For example, it follows easily from Milnor [14] that O, f 0.
The main result of the present Part I will be: THEOREM 1.2. F o r n f 3 the group On i s finite.
(Our methods break down for the case n = 3. However, if one assumes the Poincare hypothesis, then it can be shown that O, = 0.)
More detailed information about these groups will be given in Part 11.
For example, for n = 1, 2, 3, .. , 18, it will be shown that the order of the group On is respectively:
[O,] I 1 1 ? 1 1 1 28 2 8 6 992 1 3 2 16256 2 16 16.
Partial summaries of results are given also a t the end of 8 4 and of $ 7 .
1 T h e term "J-equivalent" has previously been used for this relation. Compare [15] ,
[161, P71.
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HOMOTOPY SPHERES: I REMARK. S. Smale [25] and J. Stallings [27] , C. Zeeman 1331 have proved that every homotopy n-sphere, n # 3,4, is actually homeomorphic to the standard sphere Sn. Furthermore, Smale has proved [26] that two homotopy n-spheres, n # 3, 4, are h-cobordant if and only if they are diffeomorphic. Thus for n # 3, 4 (and possibly for all n) the group O, can be described as the set of all diffeomorphism classes of differentiable structures on the topological n-sphere. These facts will not be used in the present paper.
Construction of the group On
First we give a precise definition of the connected sum Ml # M2 of two connected n-manifolds Ml and M, . (Compare Seifert [22] and Milnor [15] , 1161.) The notation D n will be used for the unit disk in euclidean n-space. I t is clear that the sum of two homotopy n-spheres is a homotopy nsphere.
LEMMA 2.1. The connected sum operation i s well defined, associative, and commutative u p to orientation preserving difeomorphism. The sphere Snserves a s identity element.
PROOF. The first assertions follow easily from the lemma of Palais [20] and Cerf [5] which asserts that any two orientation preserving imbed- PROOF. We may assume that the dimension n is 2 3 . Let Ml + (-Mi)= b Wl, where Ml and -Mi are deformation retracts of Wl. Choose a differentiable arc A from a point p E M, to a point p' E -Mi within Wl so that T h i s hypothesis is imposed in order to simplify the proof. It could easily be eliminated.
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KERVAIRE AND MILNOR a tubular neighborhood of this arc is diffeomorphic to R n x [0, 11. Thus we obtain an imbedding i: R n x [0, 1 1-W, with i(Rn x 0) c MI, i ( R n x 1) c Mi, and i(0 x 10, 11) = A. Now form a manifold W from the disjoint sum by identifying i(tu, s) with i2((l -t)u) x s for each 0 < t < 1, 0 I s I 1, u e Sn-I. Clearly W is a compact manifold bounded by the disjoint sum We must show that both boundaries are deformation retracts of W.
First it is necessary to show that the inclusion map is a homotopy equivalence. Since n 2 3, it is clear that both of these manifolds are simply connected. PROOF. Let H ZcDZ denote the half-disk consisting of all (t sin B, t cos 0) with 0 5 t 5 1, 0 5 B 5 n , and let $0"' c D n denote the disk of radius 4.
Given an imbedding i : D n -M, form W from the disjoint union
by identifying i(tu) x B with u x ((2t -1) sin B, (2t -1) cos 0) for each
(Intuitively we are removing the interior of i($Dn) from M and then "rotating" the result through 180' around the resulting boundary.) I t is easily verified that W is a differentiable manifold with Clearly O, is zero. For n 5 3, Munkres [I91 and Whitehead [31] have proved that a topological n-manifold has a differentiable structure which is unique up to diffeomorphism. I t follows that O, = 0. If the Poincar6 hypothesis were proved, i t would follow that 0, is zero; but a t present the structure of O, remains unknown. For n > 3 the structure of O, will be studied in the following sections.
Addendum. There is a slight modification of the connected sum construction which is frequently useful. Let W, and W, be (n + [2] . PROOF. Let 2 be a homotopy n-sphere. Then the only obstruction to the triviality of r @ E' is a well defined cohomology class
The coefficient group may be identified with the stable group n,-,(SO). But these stable groups have been computed by Bott [4] , as follows, for n 2 2: residue class of n mod8: 0 1 2 3 4 5 6 7
(Here Z, Z,, 0 denote the cyclic groups of order a, 2, 1respectively.) Case 1. n -3, 5, 6, or 7 (modulo 8 [2] . Now the relation J,-,(on) = 0 together with the information that JnPl is a monomorphism implies t h a t on = 0. This finishes the proof of Theorem 3.1.
In conclusion, here are two lemmas which clarify the concept of sparallelizability. The first is essentially due to J. H. C. Whitehead [32] . Let 5 be a k-dimensional vector space bundle over an n-dimensional complex, k > n.
T h e n M i s S-parallelixable i f and only i f i t s normal bundle i s t r i v i a l .

LEMMA 3.5. I f the W h i t n e y s u m of 5 w i t h a trivial bundle E' i s trivial t h e n 5 itself i s trivial.
PROOF. We may assume t h a t r = 1, and t h a t f is oriented. An isomorphism Z @ w ck+' gives rise to a bundle map f from 5 to the bundle yk of oriented k-planes in (k + 1)-space. Since the base space of 5 has dimension n , and since the base space of yk is the sphere S k , k > n, i t follows t h a t f is null-homotopic; and hence t h a t 5 is trivial. PROOFOF LEMMA 3.3. Let r , u denote the tangent and normal bundles of M. Then T @ u is trivial hence ( r @E') @ u is trivial. Applying Lemma 3.5 the conclusion follows.
PROOF OF LEMMA 3.4. This follows by a similar argument. The hypothesis on the manifold guarantees that every map into a sphere of the same dimension is null-homotopic.
Which homotopy spheres bound parallelizable manifolds?
Define a subgroup bPnyl c On as follows. A homotopy n-sphere M represents an element of bP,+, if and only if M is the boundary of a parallelizable manifold. We will see that this condition depends only on the h-cobordism class of M, and that bPnyl does form a subgroup. The object of this section will be to prove the following 
Note that W has the homotopy type of M V M, the union with a single point in common.
Choose an imbedding of W in S n f kx [O, 11 SO 
that ( -M ) and ( -M ' )
go into well separated submanifolds of Sn+kx 0, and so that M # M' goes into S n -k x 1. Given fields q and q' of normal k-frames on ( -M ) and ( 2 ) s n # c = c ,
P ( S " )+ P(C)c P(C) ,
which shows that p(S) is a union of cosets of this subgroup; and
which shows that p(Z) must be a single coset. This completes the proof of Lemma 4.5.
By Lemma 4.2 the kernel of p': On-IT,/p(Sn)
consists exactly of all h-cobordism classes of homotopy n-spheres which bound parallelizable manifolds. Thus these elements form a group which we will denote by bP,+,c 0,. I t follows that O,/bP,+, is isomorphic to a subgroup of II,/p(Sn). Since II, is finite (Serre [24] ), this completes the proof of Theorem 4.1.
REMARKS. The subgroup p(Sn) c II, can be described in more familiar terms as the image of the Hopf-Whitehead homomorphism J,: n,(SO,) --n,,,(Sk) .
(See Kervaire [9, p. 3491.) Hence II,/p(Sn) is the cokernel of J,. The actual structure of these groups for n S 8 is given in the following table. For details, and for higher values of n , the reader is referred to Part I1 of this paper.
The prime q >= 3 first divides the order of O,/bPnI1 for n = 2q(q -1) -2, Using Theorem 4.1, the proof of the main theorem (Theorem 1.2), stating that O, is finite for n f 3, reduces now to proving that bPSLl is finite for n f 3.
We will prove that the group bP,+, is zero for n even ($9 5,6), and is finite cyclic for n odd, n f 3, (see $9 7,8) . The first few groups can be given as follows:
(Again see Part I1 for details.) The cyclic group bPmI, has order 1or 2 for n r 1 (mod 4), but the order grows more than exponentially for n -3 (mod 4).
Spherical modifications
This section, and $ 6 which follows, will prove that the groups bP,,,, are zero.5 That is: THEOREM 5.1. If a homotopy sphere of dimension 2k bounds a n sparallelixable manifold M, then i t bounds a contractible manifold MI.
An independent proof of this theorem has been given by C.T.C. Wall [29] For the case k = 1, this assertion is clear since every homotopy 2-sphere is actually diffeomorphic to S2. The proof for k > 1will be based on the technique of "spherical modifications." (See Wallace [30] , Milnor [15; 1716.) DEFINITION. Let M be a differentiable manifold of dimension n = p + q f 1and let be a differentiable imbedding. Then a new differentiable manifold M' = x(M, 9 ) is formed from the disjoint sum
We will say that M' is obtained from M by the spherical modijication ~ ( 9 ) . Note t h a t the boundary of M' is equal to the boundary of M.
In order to prove Theorem 5.1 we will show that the homotopy groups of M can be completely killed by a sequence of such spherical modifications. The effect of a single modification ~ ( 9 ) on the homotopy groups of M can be described as follows.
Let k E 7ipM denote the homotopy class of the map g,1 SPx 0 from SPX 0 to M. LEMMA 5.2. The homotopy groups of M' a r e given by for i < Min (p, q) , a n d provided that p < q; where A denotes a certain subgroup of 7ipM con-
The proof is straightforward. (Compare [17, Lemma 21.) Thus if p < q (that is, if p 5 n/2 -I), the effect of the modification ~ ( 9 ) is to kill the homotopy class k. Now suppose that some homotopy class X E n,M is given. There is one danger however. If the imbedding p is chosen badly then the modified manifold M' = x(M, p ) may no longer be s-parallelizable.
However the following was proven in [17] . Again let n 2 2p + 1.
LEMMA 5.4. The imbedding q : SPx Dn-P+ M can be chosen within its homotopy class so that the modified manifold x(M, q ) will also be sparallelixable.
For the proof, the reader may either refer to [17, Theorem 21, or make use of the sharper Lemma 6.2 which will be proved below. Now combining Lemmas 5.2, 5.3, 5.4 , one obtains the following. (Compare [17, p. 461.) THEOREM 5.5. Let M be a compact, connected s-parallelixable manifold of dime?zsion n 2 2k. By a sequence of spherical modifications on M one can obtain a n S-parallelixable manifold Ml which i s (k -1)-connected.
Recall that bMl = bM.
PROOF. Choosing a suitable imbedding q: S1x Dn-I 4 M, one can obtain an s-parallelizable manifold M'= x(M, p ) such that x1Mt is generated by fewer elements than xlM. Thus after a finite number of steps, one can obtain a manifold M" which is 1-connected. Now, after a finite number of steps, one can obtain an s-parallelizable manifold Mu' which is 2-connected, and so on until we obtain a (k -1)-connected manifold. This proves Theorem 5.5. In order to prove 5.1, where dim M = 2k f 1, we must carry this argument one step further obtaining a manifold MI which is k-connected. I t will then follow from the Poincare duality theorem that Ml is contractible.
The difficulty in carrying out this program is that Lemma 5.2 is no longer available. Thus if M' = x(M, p ) where q imbeds Skx Dk+' in M, the group r k M t may actually be larger than nkM. I t is first necessary to describe in detail what happens to n k M under such a modification.
Since we may assume that M is (k -1)-connected with k > 1, the homotopy group n k M may be replaced by the homology group H k M = Hk(M; 2).
LEMMA 5.6. Let M' = x(M, q ) where g, imbeds Skx Dk+' i n M, a n d As an application, suppose that one chooses an element h E H k Mwhich is primitive in the sense that ,u-X= 1 for some p ~1Hk,,M. I t follows that i:
is an isomorphism, and hence that HkM1c HkM/h(Z). Thus:
ASSERTION. Any primitive element of H,M can be killed by a spherical modification.
In order to apply this assertion we assume the following: Hypothesis. M is a compact, s-parallelizable manifold of dimension 2k + 1, k > 1, and is (k -1)-connected. The boundary bM is either vacuous or a homology sphere.
This hypothesis will be assumed for the rest of 9 5 and for 5 6.
LEMMA 5.7. Subject to this hypothesis, the homology group H k Mcan be reduced to its torsion subgroup by a sequence of spherical modifications. The modified manifold Ml will still satisfy the hypothesis. PROOF. Suppose that H,M -. Z @ . @ Z @ T where T is the torsion subgroup. Let h generate one of the infinite cyclic summands. Using the Poincar6 duality theorem one sees that pl.h = 1 for some element pl E Hk,,(M, bM). But the exact sequence
shows that pl can be lifted back to H,+,M. Therefore h is primitive, and can be killed by a modification. After finitely many such modifications, one obtains a manifold Ml with H,Ml -. T c H,M. This completes the proof of Lemma 5.7. Let us specialize to the case k even. Let M be as above, and let F: Skx Dk+l--M be any imbedding. The proof will be based on the following lemma. (See Kervaire [8, Formula (8.8) ].) Let F be a fixed field and let W be an orientable homology manifold of dimension 2r. Define the semi-characteristic e*(b W; F ) to be the following residue class modulo 2: e*(bW, F ) -Cl li rank Hi(b W, F ) (mod 2) .
LEMMA 5.9. The rank of the bilinear pairing given by the intersection number, i s congruent modulo 2 to e*(b% F ) plus the Euler characteristic e( W).
[For the convenience of the reader, here is a proof. Consider the exact sequence where the coefficient group F is to be understood. A counting argument shows that the rank of the indicated homomorphism h is equal to the alternating sum of the ranks of the vector spaces to the right of h in this sequence. Reducing modulo 2 and using the identity PROOF OF LEMMA 5.8. First suppose that M has no boundary. As shown in [15] or [I71 the manifolds M and M' = x(M, q),suitably oriented, together bound a manifold W = W(M, 9 ) of dimension 2k + 2. For the moment, since no differentiable structure on W is needed, we can simply define W to be the union
where it is understood that S% DD1 is to be pasted onto M x 1by the imbedding 9. Clearly W is a topological manifold with
Note that W has the homotopy type of M with a (k + 1)-cell attached. Since the dimension 2k + 1of M is odd, this means that the Euler characteristic Since k is even, the intersection pairing is skew symmetric, hence has even rank. Therefore Lemma 5.9 (with rational coefficients) asserts that e*(M + M'; Q) + (-l),+' -0 (mod 2) , and hence that e * ( M Q) S e*(M'; Q) .
this implies that rank H,(M Q) S rank H,(M'; Q) .
This proves Lemma 5.8 provided that M has no boundary.
If M is bounded by a homology sphere, then attaching a cone over bM, one obtains a homology manifold M, without boundary. The above argument now shows that rank H,(M,; Q) + rank H,(M$; Q) .
Therefore the modification ~ ( 9 ) changes the rank of H,(M Q) in this case also. This completes the proof of Lemma 5.8. I t is convenient a t this point to insert an analogue of 5.8 which will only be used later. (See the end of 9 6.) Let M be as above, with k even or odd, and let W = W(M, 9).
LEMMA 5.10. Suppose that every mod 2 homology class has self-intersection number 5.5: = Then the modification ~ ( 9 ) 0. necessarily changes the rank of the mod 2 homology group H,(M 2,).
The proof is completely analogous to that of 5.8. The hypothesis, 5.5 = 0 for all 5, guarantees that the intersection pairing will have even rank.
We now return to the case k even. PROOFOF THEOREM 5.1, for k even. According to 5.6, we can assume that H,M is a torsion group. Choose Since the group X(Z) is finite, it follows from 5.8 that h'(Z) must be infinite. Thus the sequence is exact. I t follows that the torsion subgroup of H,M' maps monomorphically into H,M'/h'(Z); and hence is definitely smaller than HkM. Now according to 5.7, we can perform a modification on M' so as to obtain a new manifold M u with
Thus in two steps one can replace H,M by a smaller group. Iterating this construction a finite number of times, the group H,M can be killed completely. This completes the proof of Theorem 5.1 for k even.
Framed spherical modifications
This section will complete the proof of Theorem 5.1 by taking care of the case k odd. This case is somewhat more difficult than the case k even (which was handled in 9 5), since it is necessary to choose the imbeddings 9 more carefully, taking particular care not to lose s-parallelizability in the process. Before starting on the proof, it is convenient to sharpen the concepts of s-parallelizable manifold, and of spherical modification. DEFINITION. A framed manifold (M, f ) will mean a differentiable manifold M together with a fixed trivialization f of the stable tangent bundle T , @ E, .
Now consider a spherical modification ~ ( 9 ) Thus the only obstruction to extending f is a well defined class
The modification ~ ( 9 ) can be framed if and only if this obstruction r ( 9 ) is zero. Now consider the following alteration of the imbedding 9. Let
be a differentiable map, and define
where the dot denotes the usual action of SO,+, on DqA1.Clearly 9, is an imbedding which represents the same homotopy class X E is,M as 9.
LEMMA6.1. The obstruction ~ ( 9 , ) depends only on y ( 9 ) and on the homotopy class ( a ) of a. I n fact ~ ( 9 , ) = f s*(a) ( 9 ) where s,: is,(SO,+,)-is,(SO,+,) i s induced by the inclusion s: SO, +l. PROOF. (Compare [17] ,proof of Theorem 2.) Let W , be the manifold constructed as W above, now using 9,. There is a natural differentiable imbedding and i, / S P x Dq+' coincides with 9,: S P x Dq+l-M followed by the in-
~ ( 9 , ) is the obstruction to extending f 1 9,(SP x 0 ) to a trivialization of .r(W,) restricted to i,(Dp+l x 0 ) Let tn+l= e P f lx eq+' be the standard framing on DP+l x D q f l . Then i;(tn+l)is a trivialization of the tangent bundle of W , restricted to i , ( D p f l x Dqtl), and ~ ( 9 , ) is the homotopy class of the map g: S P -SO, +,, where g ( u ) is the matrix <f "+I, i;(tn+')> at 9,(u, 0).
Since i, I Dp+' x 0 is independent of a, and i,I S Px Dq+' = F,, we have at every point (u,0) E S P x Dq+l.
Since q&(ee" = 9'(eq") .a (u) at (u,0), it follows that
i;(tn+')= i'(tn+l).s(a) .
Hence < f n + l , i;(tn")> = <f "3, il(t"+')>.s (a) and the lemma follows. Now suppose (as usual) that p 5 q . Then the homomorphism is onto. Hence a can be chosen so that i s zero. Thus we obtain:
. Given 9:S Px Dq+l-+M w i t h p 5 q , a m a p a can be chosen
so that the modification ~ ( 9 , ) can be framed. In particular, it follow t h a t the manifold x(M, q,) will be s-parallelizable. Thus we have proved Lemma 5.4 in a sharpened form.
We note however that a is not always uniquely determined. In t h e case p = q = k odd, the homomorphism
has an infinite cyclic kernel. This freedom in the choice of a will be t h e basis of the proof of 5.1 for k odd.
Let us study the homology of the manifold where q is now chosen, by Lemma 6.1, so that the spherical modification ~( q ) Clearly the deleted manifold can be framed. does not depend on a. On the other hand t h e parallel q,(Sk x x,) does depend on a. In fact i t is clear that the homology class i, E HkM,of this parallel is given by
where the homomorphism is induced by the canonical map
The spherical modification ~ ( 9 , ) can still be framed provided a is a n element of the kernel of ( S k ) ,provided that k is odd. Therefore the integer j,(a) can be any multiple of 2.
Let us study the effect of replacing i by E , = E + j(a)i' on the homology of the modified manifold. Consider the exact sequence of 5.6, where i carries E into an element h of order 1 > 1. Evidently l i must be a multiple of i ' , say:
Since E' is not a torsion element, these two elements can satisfy no other If bM is vacuous then the Poincarh duality theorem implies t h a t M, is a homotopy sphere. If bMis a homology sphere, then MI is contractible.
The proof of 6.6 is contained in the above discussion, provided that M is connected. But using [17, Lemma 2'1 it is easily seen that a disconnected manifold can be connected by framed modifications. This completes the proof.
The groups bP,,
The next two sections will prove that the groups bP,, are finite cyclic for k # 2. In fact for k odd, the group bP,, has a t most two elements. For k = 2m # 2 we will see in Part I1 that bP,, is a cyclic group of order' 22m-2
where B , denotes the mthBernoulli number, and E , equals 1 or 2. The proofs will be based on the following. REMARK.I t is a t this point that the hypothesis k 2 3 is necessary. Our methods break down completely for the case k = 2 since a homology class in H,(M4) need not be representable by a differentiably imbedded sphere. (Compare Kervaire and Milnor [13] .)
Choose an imbedding 9,: Sk-+ M SO as to represent the homology class x,. Since the normal bundle is trivial, p, can be extended to an imbed- , 9 ) denote the modified manifold, and let
The argument now proceeds just as in [17, p. 541 . There is a diagram where the notation and the proof is similar to that of Lemma 5.6. Since p,.k, = 1it follows that Hk-,Ma = 0. From this fact one easily proves that Moand M' are (k -1)-connected. The group HkMois isomorphic to the subgroup of H k Mgenerated by {XI, ..,X,,p, , , ,u,-3. The group H k M ris isomorphic to a quotient group of HkM,. I t has basis {x:,
,pi-,}where each xl corresponds to a coset xi + x,Z C H k M , and each ,uJcorresponds to a coset pj + x,Z.
The manifold M' also satisfies the hypothesis of 7.1. In order to verify that x; .x; = 0 , x: ,u; = Sij , note that each k: or ,u; can be represented by a sphere imbedded in Mo and representing the homology class Xi or ,ujof M. Thus the intersection numbers in M' are the same as those in M. In order to verify that any imbedded sphere with homology class n,X: + + n,-,X:-, has trivial t h e boundary, thus obtaining a closed homology manifold with the same signature.)
Conversely suppose that o(M) = 0. We may assume that M is (k -1)- PROOF. According to Milnor and Kervaire [18, p. 4571 there exists a closed "almost parallelizable" 4m-manifold whose signature is non-zero. Removing the interior of an imbedded 4m-disk from this manifold, we obtain the required parallelizable manifold Mo. Now consider the collection of all 4m-manifolds Ma which are s-parallelizable, and are bounded by the (4m -1)-sphere. Clearly the corresponding signatures o(Ma)E Z form a group under addition. Let o m> 0 denote the generator of this group. The proof is evident. Discussion a n d computations. In Part I1 we will see that bP,, is cyclic of order precisely a,/8. In fact a given integer a occurs as a ( M ) for some s-parallelizable M bounded by a homotopy sphere if and only if a -0 (modulo 8) .
The following equality is proved in [18, p. One can also give a formula for the order of the full group 04,-,. In P a r t I1 we will see that O, , is isomorphic to I1, , /J(n4, (SO) with f,Xs = x; and that the restriction is well defined up to homotopy. The obstruction to extending f, over K n U L is the required class (K, L ; nn-,(Sk) ) . The proof is straightforward. I t follows that j + does not depend on the particular cell structure of the pair (K, L). Now let us specialize to the case n = 2k. According to Lemma 7.2 the groups bP,, bP, and bPl, are zero. Thus we may assume that k f 1, 3,7. Let MI and M, be s-parallelizable and (k -1)-connected manifolds of dimension 2k, bounded by homotopy spheres. If we will prove that bMl is h-cobordant to bM,. This will clearly prove 8.5. Therefore, according to 8.4 , it follows that the boundary bounds a contractible manifold. Hence, according to Theorem 1.1 the manifold bMl is h-cobordant to -bM,. Since a similar argument shows that bM, is h-cobordant to -bM,, this completes the proof. REMARK. I t seems plausible that bP,, -. 2, for all odd k other than 1,3,7; but this is known to be true only for k = 5 (compare Kervaire [12] ) and k = 9.
